In all that follows % will denote the quotient field of a Dedekind ring 3> %' a separable algebraic extension of degree n of gf and 3' the ring of all elements of g' which satisfy monic equations with coefficients in 3-The elements of 3 and 3' will be called the integers of 8 and f5' respectively.
A set of n elements coi, • • • , w" of 3' such that every element of 3' can be written in the form (1) xian + • • • + xnu", xt E 3
is called an integral basis of 3' over 3 or of £5' over ft. When no confusion can arise we shall call it for short an integral basis. If every ideal in 3 is principal then every ideal of 3' has an integral basis over 3 [4, vol. 2, p. 81 bottom] . In this paper we are interested in finding necessary and sufficient conditions for a field %' to have an integral basis over a field 5-Our goal is to find necessary and sufficient conditions which can be given in terms of the ideal decomposition and of congruence relations in g. A complete solution of this problem will be given for the case that g' is a quadratic extension of g. From our results it will be seen that the condition that every ideal of 3 is principal is also necessary if every algebraic extension of % is to have a relative integral basis over f5-Let a be an ideal of 3'-If there exist integers ai, a2, ■ ■ ■ , an in a such that every integer in a can be written in the form (2) Xiai + X2«2 + • • ■ + xnan, Xt E J then ai, ■ ■ ■ ,an is called a module basis of a over 3-The words over 3 will be deleted if no confusion can arise. The question whether 3' has an integral basis over 3 must be distinguished from the question whether a given ideal a in 3' has a module basis over 3-Indeed if 3' has an integral basis over 3 and 21 is an ideal of 3' generated by an ideal a in 3 then §1 has a module basis if and only if an is principal [5, p. 21 ].
Presented to the Society, August 27, 1957; received by the editors October 7, 1956 and, in revised form, May 10, 1957. [February The definition of relative norm, different and discriminant used in this paper is that given in Chapter 12 of [2 ] . The notation used there will also be used in this paper except that different and discriminant will always be taken in g' over g. 
where 3) denotes the discriminant of g' over g and Equation (3) is to be read as an equation between ideals.
Theorem 1 is well known in the case that g is the field of rational numbers. A proof of Theorem 1 would also result from a suitable modification of Lemmas 1 and 4, §8, Chapter IV of [6]. We shall give here a proof which is entirely self-contained.
To prove Theorem 1 we shall first show: If ai, ■ ■ ■ , an are any re numbers of the ideal a then
Proof. Let b be the different of g' over g then 3) = Nib). Let a be any number of the ideal (a2b)_I. We have
where E denotes the trace in g' over %. But aotiOtj is in the ideal (b)~! and hence its trace is integral. This proves (4) . Suppose now that ai, • • • , a« is a basis of the ideal a and that | a™ | =0 (mod pN2ia)T)), where p is a prime ideal. Choose a = c(a2b)_1 where (c, pa2b) = 1. Then | E(aata3) | =0 (mod p) and we can solve in 3 nontrivially the congruenceŝ 
From (4) we see that xj is integral and therefore ax, ■ ■ ■ , an a module basis of a.
We shall now consider quadratic extensions. Theorem 2. Let g have characteristic different from 2 and let %' be a quadratic extension of g. The field g' has an integral basis over g if and only if u:' = (y(E1/2) where (E) is the discriminant of %' over %.
Proof. Let F' = Fia1'2). Suppose that Xi+x2a1/2, yi+y2a1/2, is an integral basis, then by Theorem 1
where (E) is the discriminant of %' over %. This gives (6) E1'2 = 2a1'2iyix2 -Xlyt), y,-, x{ Q %.
Hence W = %(DU2).
On the other hand let g' = g(E1/2). We then have E(a/E"2) =xa, Proof. If our condition is fulfilled then clearly © = (E) where DQF and E' = E(a1/2) =E(E1/2) hence F' has an integral basis by Theorem 2. On the other hand if F' = F(D1'2) then (8) a1'2 = x + yD1'2, y 9* 0.
Squaring (8) it follows that x = 0, hence 2 22 a c = y biC.
The square free parts on both sides must coincide and hence c = c', a^bi.
It is possible to compute the discriminant of \5(a112) from the ideal decomposition of a and from congruence relations satisfied by a modulo the powers of the prime factors of 2 in £>. Thus the criterion of Theorem 3 requires only the knowledge of the ideal decompositions and of congruence relations in g.
We now use ideal classes defined by a module m. The ideals a and b are equivalent (mod m) if a = xb with X=i (mod m). This refinement of the concept of equivalence was introduced by Takagi [3] . The ideals which are relatively prime to m are divided into equivalence classes and these ideal classes mod m form a group.
Theorem
4. If % has characteristic different from two and if % contains an ideal which is not principal then there exists a quadratic extension of % which has no integral basis over %. Theorem 4 follows from the following lemma.
Lemma. If % contains an ideal which is not principal then there exists a number a such that (a, 2) = 1, a=/32 (mod 4), fiE%, a = b2c, where c is square free and b not principal.
Proof. Let a' be an ideal which is not principal. We can choose a so that a~a', (a, 2) = 1. Let p be a prime factor of a which is not principal and choose ai, 02 in the inverse class mod 4 of p and so that (a, ai) = (a, a2) = (ax, at) = 1. Let ai = 6?Ci, 82=62^2-If bi or b2 are not principal then pd or pa2 are principal and fulfill the conditions of our lemma and if bi and h2 are both principal then p2CiC2 does.
Theorem 4 now follows easily because if (a) = a2c where a is not principal (a, 2) = 1 and a=j82 (mod 4), then the discriminant of IK"1'2) is c [l, §39] and by Theorem 3 the field %(a1/2) has no integral basis.
Corollary. Every algebraic extension of % has an integral basis if and only if every ideal of 5 is principal.
The sufficiency of the condition is well known. The necessity follows from Theorem 4. Hence there is an integer a such that a-\-am =d and it follows from the corollary to Theorem 1 that 1, a is a basis for the integers.
